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Abstract--Tandem behavior of an M/M/I/N ~ G/M/I queuing system is approximated in steady state, 
For this purpose, the departure processes from both a single server M/M/I/N queuing system with a 
Poisson input, exponentially distributed service times, the waiting room of size N, and the first come first 
served queuing discipline, and a G/M/I queuing system with generally distributed interarrival times, a 
single Markovian server, and the first served queuing discipline are approximated in steady state. 
1. INTRODUCTION 
Our primary objective in this paper is to approximate the tandem behavior of an M/M/1/N 
--, G/M/I queuing system in steady state. Hence, the departure processes from both a single server 
M/M/1/N queuing system with a Poisson input, exponentially distributed service times, a waiting 
room of size N, and the first come first served queuing discipline, and a G/M/1 queuing system 
with generally distributed interarrival times, a single Markovian server, and the first come first 
served queuing discipline will be approximated in steady state. For this purpose, the departure 
processes from both M/M/1/N and the G/M/1 queuing systems will be approximated by 
compatible renewal processes based on Natvig's [1] and Daley's [2] results, who have shown that 
the respective departure processes are non-renewal processes, respectively. 
The organization of this paper is as follows: in Section 2, the approximation steps will be 
described; in Section 3, the numerical results will be presented and finally, in Section 4, the 
concluding remarks will be discussed. 
2. THE MAIN RESULTS 
2(a). Notation 
Let, 2,/&, 2~, c~, N and n, be the arrival rate, the service rate of the ith system, the departure 
rate from the ith system,, and the c.v. of the distribution of the interdeparture times from the ith 
system (the c.v. of the distribution of the interdeparture times of a stationary departure process 
with identically distributed interdeparture times is equal to the product of the departure rate and 
the standard eviation of the interdeparture times), the number of waiting spaces of the first system, 
and the stationary probability of finding n units in the queuing system at an arbitrary instant, for 
i = 1 and 2. Also, let Di(t), D*(s) and ( -1)  m D'm(0) be the stationary system distribution of the 
interdeparture times of the ith system, its Laplace-Stieltjes transform, and its mth moment, for 
i = 1-2, respectively. That is, 
D~* (s) = e -~' dD;(t). (1) 
2(b). Approximation steps 
In this section the necessary steps for approximating the departure processes will be presented. 
Notice that the departure process from the M/M/1/N queuing system becomes the arrival process 
at the G/M/1 queuing system. 
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To approximate the departure process from an M/M/1/N or a G/M/I queuing system; firstly, 
at least the first two moments of the distribution of the interdeparture times will be obtained; 
Secondly, a compatible (e.g. a phase type) distribution will be fitted to those moments; thirdly, the 
dependencies among the interdeparture times will be ignored. More specifically, based on the first 
two moments of the distribution of the interdeparture times, the departure rate and c.v. of the 
distribution of the interdeparture times from the queuing system will be obtained, then a 
compatible distribution function will be fitted to those moments. That is, depending on the value 
of the c.v. of the distribution of the interdeparture times being less than one, or greater than or 
equal to one, a hypoexponential, or a hyperexponential distribution function will be fitted to those 
momements, respectively, Notice that both a hyperexponential and hypoexponential distributions 
are special forms of a phase type distribution. In the following expressions, to simplify the 
presentation, the index i is deleted. 
More specifically, as suggested by Whitt [3], if c J >~ 1, the following hyperexponential distribution 
function with two parameters and balanced means will be used to approximate the distribution 
of the interdeparture times: 
//2(0, ]; t) = 1 -- 0 exp(Tj t) -- (1 -- O)exp(?2t), t >~ 0, 
where, the shape parameter is
and the intensity parameters are 
and 
F( (cd)2 -  } )  1'2 ] /  
0 = L\(cd) 2T + 1 2 
(2) 
(3) 
21 = 2z2 a (4) 
'~2 = 2(1 - r)2 a. (5) 
on the other hand, if 1/x/~ < c d < 1, we have the following hypoexponential distribution function 
with two parameters: 
E2(£;t)= 1 2~exp( -21t )  2~exp( -22t ) ,  t t>0, (6) 
22 -- '~t ~'1 -- 22 
where the intensities parameters are 
2~ = 22q[1 + ((cU) 2 - 1) '/2] (7) 
and 
22 = 22a/[1 - ((cd) 2 -- l)'/2]. (8) 
In the remainder of this paper, our focus will be on the approximation of both the departure 
process from an M/M/1/N queuing system with N > 0 and the departure process from a G/M~1 
queuing system. It is noted that the case of an M/M/1/O queuing system is discussed in Pourbabai 
and Sonderman [4]. The following propositions provide the first two moments of the distribution 
of the interdeparture times from an M/M/I /N queuing system and a G/M/1 queuing system, which 
subsequently will result in the parameters of the departure rate and the c.v. of the distribution of 
the interdeparture times from the respective queuing systems. 
Proposition I
The first two moments of the distribution of the interdeparture times from an M/M/I /N queuing 
system, for N > 0 are 
~0 D * (0) = ~- + 1 (9) 
D*"(0) = 2( ~-~ + ~° \2  2 + 1). (lO) 
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Proof From Natvig [1, expression 2.23], and for N > 0, the Laplace-Stieltjes transform of the 
distribution of the interdeparture times from an M/M/1/N queuing system is 
= + 
n*(~) ~ ,:,~ ,~+u+s ~ i+t.,+s 
v +' . ( , ×_c~' .O ,_o~+,+.  + , (,,) i=~ #+s 2+#+s/  
where 
1-2 /# (~)', 0~<i~<N+I. (12) 
Differentiate expression (11) with respect o s and set s = 0, as follows: 
D*'(s)l,=o=~- .J:,~ ~ + 
+-o J t,2 + ~,) (2 + l,) 2 
+(N) (2 +~)2 +,:,  r,o 
x 2 (j+l)/~ 2 J 2 1{ 2 "y v-,+l 
~:o 2 ~ (2+~,)~+Tt,,~+u) 
+(N- i+ l )  ~ (2+.)2 
and 
(13) 
D*"(=)l,=o= ~ b=,~ ~ + 
+(N) (2 +/x) i + uo 
J 
2(  2 )" 2 / , \u-, 2 
/ 2 \u-2 2 2 
+(N)(N - 1)t~--~# ) (2 + #)1 (2 + .)2 
// /~ \N - I  2 N 2 i 
U: ,L  2 t2+#)  (2 +#)2 0. +~u) 2
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+2,.,.+,),,( ), ] 2,,, ,< ,+, 
,,. ~ (2 + v) ~ +Y\~7-~~)  
+ 2(N - i + 1) (2 - -~#)N-~- - /~ 7. (.2 + p)2 ~- (N - i + I )(N -- i) 
x t~- -~ ) (7. + bt)---------~ + 2(N - i + 1) ~ (7. ~#x) ~ . (14) 
After proper simplifications, the desired expressions are resulted. 
It is obvious from the above proposition that as N approaches infinity, n0 = 1 - 2/#x. Hence, 
-D* ' (0 )  = 1/2 and D*" (0)= !122. That is, the departure process forms a Poisson process. 
Proposition 2 
The first two moments of  the distribution of  the interdeparture times from an E21MI1 queuing 
system are 
-o . , ,o ) -  ' ,.,(~--"~-,_..,(-' (is) . . /  \7.2--,-/ 
and 
o. D) (16) 
where 
(A l - B l )  # 
Ll = , (17) 
21 -#x 
(Az - B2)# 
L2 = , (18) 
22 - /x  
22 
B,= , (19) 
22--21 
7.1 
B2 = 7.1 - 7.~' (20)  
BIT.i 
A~ = 21 +(1 - 6)#'  (21) 
B27.2 
A2 - 7.2 + (1 - 6)#a' (22) 
3 = [(21 + 22 +/x) -t- ~(7.1 + 22 +/x) 2 -- 47., 22]/2/x. (23) 
Proof. From Daley [2], the distribution of  the interdeparture times from a GIIM/ I  queuing 
system for 0 < 6 < 1 is, 
r-r r ] D(x) = A(u) + exp[--/x(1 - 6)(t - u)] dA(t)  #x exp[ - /x (x  - u)] du, (24) dOL d. 
where 
6 = A*(lX - ix6). (25) 
The desired expressions are then derived by proper substitutions. 
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Fig. 1. Coefficiation of variation of the distribution of the interdeparture times vs the arrival rate in an 
M/M/I/N queuing system with # = 1.0. 
3. THE NUMERICAL  RESULTS 
In this section numerical results are provided to study the accuracy of the proposed approxi- 
mation methodology. For this purpose, a computer program based on the proposed algorithm 
in Section 2 is developed. The approximation outcomes for the c.v. of the distribution of 
the interdeparture times from the M/M/1/N queuing system are plotted in Fig. 1, and the 
approximation outcomes for the parameters of the departure process from each queuing system 
are presented in Table 1. It is noted that in Table 1, to approximate the parameters of the departure 
process from the first queuing system, 2a= 0.9999 was used. To generate the simulation values, 
SLAM simulation package of Pritsker and Pegden [5] is used. The numerical results are provided 
in Table 1. It is noted that each simulation outcome was obtained based on ten independent runs, 
each run with 10,000 departure untis. The approx. 95% confidence intervals for the reported 
performance measures are obtained based on a replication method. As can be observed from 
Table 1, the approximation outcomes closely match the simulation outcomes. Furthermore, in 
Fig. 1, we show how well the departure process from an M/M/I/N queuing system can be 
approximated with a Poisson process. Based on Fig. 1, the following observations are made: firstly, 
for each value of the arrival rate, as the system capacity increases, the c.v. of the distribution of 
the interdeparture times approach closer to one. That is, the departure process behaves more like 
a Poisson process; secondly, for each value of the system capacity, as the arrival rate decreases, 
the c.v. of the distribution of the interdeparture times approaches closer to one. 
Table 1. The approximation and simulation outcomes for #] = #2 = 1,0 
N=2 N=4 N=6 N=8 N=lO 
)a= l 
3.~ 0.750 0.833 0,875 0.900 0.917 
0.749 + 0.004 0.832 _+ 0.007 0.873 ± 0.006 0.901 ± 0.006 0.914 ± 0.007 
c~ 0.935 0.972 0.984 0.990 0.993 
0.935 ± 0.006 0.974 ± 0.007 0.982 ± 0.007 0.989 ± 0.008 0.993 ± 0.006 
),2 a 0.756 0.833 0.875 0,900 0.917 
0.749 _ 0.004 0.832 ± 0.007 0.873 ± 0.005 0.900 ± 0.006 0.913 ± 0.006 
c~ 0.983 0.995 0.998 0.999 0.999 
0.969 _+ 0.006 0.987 _+ 0.007 0.994 ± 0.010 0.998 ± 0.007 0.998 ± 0.008 
A°=0.5 
~.~ 0.467 0.492 0.498 0.499 0.500 
0.468 +_ 0.003 0.493 ± 0.003 0.499 ± 0.003 0.501 ± 0,003 0.502 _+ 0.003 
c~ 0.964 0.992 0,998 0.999 0.999 
0.967 + 0.008 0.990 ± 0.008 0.999 ± 0.010 1.002 ± 0,009 1.006 ± 0.009 
,~ ~ 0.467 0.492 0.498 0.499 0.500 
0.468 +_ 0.003 0.493 ± 0.003 0.499 + 0.003 0.501 _+ 0,003 0.501 ± 0.003 
c~ 0.980 0.996 0.999 0.999 0.999 
0.970 ± 0.006 0.999 ± 0.006 1.000 ± 0.011 1.002 ± 0.008 1.002 ± 0.010 
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4. CONCLUDING REMARKS 
In this paper simple closed form expressions for approximating the departure processes from 
both an M/M/1 /N  queuing system and a G/M/1  queuing system are provided. Furthermore, it
is demonstrated that the departure process from such queuing systems can be approximated only 
based on the first two moments of the distribution of the interdeparture times. It is noted that if 
more than the first two moments of the distribution of the interdeparture times can be used, the 
approximation accuracy is expected to improve. This result is particularly important in perform- 
ance modeling applications. Because, in the performance modeling literature, often the departure 
process from and M/M/ I /N  queuing system is approximated by a Poisson process, which as can 
be observed in Fig. 1, is not appropriate. However, if N is sufficiently large, the departure process 
from and M/M/1 /N  queuing system can be approximated with a Poisson process. For a review 
of the related literature of tandem M/M/1 /N  queuing systems, see Perros and Altiok [6] and their 
references. 
We conclude this paper, by suggesting that the approximation methodology which is presented 
in this paper may also be extended to approximate the departure process from an M/M/ I /N  
queuing system, and also can be applied to approximate the departure process from ZGI /M/K /N  
queuing system, given that a sufficient number of renewal processes are superimposed just prior 
to the arrival at the system. This idea is based on Cinlar's [7, p. 88]. 
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